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Abstract—A new global approach for calculating thermodynamic properties of fluids with equations of
state is proposed. This method uses an object-oriented library, written in C+ +, and containing a number
of routines that facilitate thermodynamic calculations. It is applicable to any equation of state formulated
by an analytical expression of the Helmholtz free energy. The programming work of the user is limited
to the building of a parse representation of the Helmholtz free energy. This parse graph is then processed
by the program for analytically calculating the required derivatives and thermodynamic properties of
fluids. A demonstration of this library is made with the Anderko and Pitzer equation of state for
H,0-NaCl-KCl fluids. The Helmholtz free energy has been differentiated analytically up to the fourth
order with respect to the temperature, molar volume, and composition. Calculated derivatives are used
to calculate the critical line of H;O-NaCl mixtures and other thermodynamic properties, which otherwise
would be difficult to obtain. Copyright © 1996 Elsevier Science Ltd
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INTRODUCTION

Knowledge of the thermophysical properties of
geological fluids is required for the understanding of
chemical and mechanical processes occurring in
various environments. The equilibrium state of a fluid
mixture of N components is defined entirely by a set
of (N + 1) intensive variables that can be either
TVx,, PTx;, SVx, or SPx; (where T is the tempera-
ture, ¥ is the molar volume, P is the pressure, Sis the
molar entropy of the system, and x; is the mole
fraction of the ith component in the mixture). Any
expression of the form F(a,,a,,...) = 0 in which the a,
are the (N + 1) variables defining the equilibrium
state of the system is termed an equation of state
(EOS). Its formulation can be empirical or guided by
theoretical expressions. In 7TVx, coordinates, EOS
may be given by expressions of the Helmholtz free
energy, A from which all desired quantities can be
obtained by classical thermodynamic relationships.

A= AT,V x;). (1

Such a formulation, referred to as the fundamental
equation, is more convenient than P = P(7T,V,x,) as
all thermodynamic properties of the fluid are
obtained by simple differentiation with respect to the
TVx, variables. This formulation is now used by most
recently published EOS, and has been chosen for this
study.
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A great deal of the work of the thermodynamist
consists of differentiating the fundamental equation
to obtain all the desired thermodynamic properties.
This can represent a large amount of time, as specific
mathematical formulations of EOS are rarely simple.
Recent advances in statistical mechanics lead to
efficient, but complex expressions, which are cumber-
some to differentiate. A good illustration of this is
given by the Anderko and Pitzer EOS (1993a, 1993b)
for the H,O-NaCl-KCl system above 300°C. This
EOS is successful in calculating liquid-vapor phase
equilibria and adequately predicts the densities of
liquids and vapors. However, for deriving the molar
enthalpy, H, from the Helmholtz free energy (Eq. 2),
Anderko and Pitzer remark that “the temperature
dependency of some of the terms of A4 is so complex
that the derivative was determined numerically rather
than analytically,”
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Generally, other important parameters such as the
pressure and the chemical potential of a component
are easy to obtain by simple first-order differen-

tiation:
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where n and n, stand, respectively, for the total
number of moles and the number of moles of the ith
component in the system. The complexity of
expressions increases rapidly with the order of
differentiation (see later), and differentiation up to
the fourth order is required. Indeed, -efficient
algorithms for calculating fluid phase equilibria (Peng
and Robinson, 1977; Asselineau, Bogdanic, and
Vidal, 1979) require second-order differentiates of the
Helmholtz free energy. Critical phenomena play an
important role in geochemical processes (Bischoff,
Rosenbauer, and Pitzer, 1986; Johnson and Norton,
1991), and the location of critical points of fluid
mixtures requires differentiates at least up to the third
order (Huron, Dufour, and Vidal, 1977, Baker and
Luks, 1978; Heidemann and Khalil, 1980; Michelsen,
1980; Michelsen and Heidemann, 1981; Eaton, 1988).

There are three methods to obtain analytical
expressions of the derivatives of the free energy. The
first one is hand calculation, which can be lengthy
and painstaking. The second one is numerical
differentiation. As shown previously, this method is
sometimes used for first-order differentiate calcu-
lations, but should be discarded for calculating
higher-order differentiates. Three-point and five-
point finite-centered formulae are not reliable enough
for determining the second- and third-order differen-
tiates, which are necessary for locating a critical point
(Heilig, 1988; Heilig and Franck, 1990). Differen-
tiates from the third order up to the sixth order have
been obtained by Deiters and Pegg (1989) by using
optimized numerical differentiation formulas, but this
requires more computing time. The third method
involves the use of computer programs that perform
analytical calculations, such as Mathematica (Wol-
fram, 1991), Reduce (Hearn, 1987), Matlab (Chen
and Moler, 1993). Such programs are termed
symbolic calculation software, and are used with
some success (Heilig, 1988; Heilig and Franck, 1990;
Deiters, pers. comm., 1994); however, they are not
free of critics. The main problem is that these
programs require extensive of memory for compli-
cated EOS. Thus, the analytical expressions of
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derivatives that can be produced with these programs
are limited mostly to the third order (Deiters, pers.
comm., 1994). Therefore, the creation of new
programming tools devoted specifically to EOS
would be a great help.

This paper describes a new tool, which is now used
in our laboratory for calculating analytically the
differentiates of the Helmholtz free energy and the
thermodynamic properties of fluids. This method
uses an object-oriented library, written in C+ +. It
is based on an algorithm which looks similar to the
one used by symbolic calculation software. However,
our library overcomes the shortcomings of these
programs and is able to handle the most complex
EOS and to calculate multivariable differentiates up
to the fourth order (and higher, if required) with
respect to the T, V and x;. First, a brief explanation
of the differentiation algorithm will be given.
Differences between our library and symbolic
calculation programs are pointed out. Then, the use
of this library is illustrated with the Anderko and
Pitzer EOS (1993a, b).

PRINCIPLES OF THE DIFFERENTIATION
ALGORITHM

The difficulty of differentiating a complex arith-
metic expression is the number of terms, which grows
exponentially each time the order of differentiation is
incremented (Norris, 1981). For a small subexpres-
sion such as the product of two multivariable
functions, such as u*p, the first-order derivative
involves 4 terms, the second order 8 terms, the third
order 16 terms, etc. and hence, the number of
operations is multiplied by two at each differentiation
step. The situation is worse for the division operator,
where the number of operations is multiplied
practically by three at each step. Thus, even after
simplification and factorization of the expressions,
the fourth-order derivative of u/v involves at least 131
terms. Most specific statements of the Helmholtz free
energy function contain many terms and operators.
Some of these statements have been listed in Table 1
together with the number of mathematical operations
required for calculating the Helmholtz free energy.
Cubic EOS require relatively few operations, which
make them useful for practical calculations (Thiéry,

Table 1. Number of mathematical operations required for calculating Helmholtz free energy of

some EOS
EOS No.
Cubic EOS, attractive part 10
Boublik EOS (1970) for hard-spheres mixtures 20
Anderko and Pitzer, 1993a), dipole-dipole interaction for H;O-NaCl system 21
Anderko and Pitzer. 1993a), dispersion interactions for H;O-NaCl system 52
IUPAC EOS for CH,(Angus, Armstrong, and de Reuck, 1978) 53
IUPAC EOS for CO,(Angus, Armstrong, and de Reuck, 1976) 58
Keenan EOS (1969) for H,O 55
Haar—Gallager—Kell EOS (1984) for H.O 85
Hill EOS (1990) for H,O (outside the critical region) 91

The MSA ion-dipole mode! {(Lvov and Wood, 1990) for H,0-NaCl solutions 133
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Vidal, and Dubessy, 1994; Thiéry, Kerkhof, and
Dubessy, 1994; Thiéry and Dubessy, 1996). However,
some recently published EOS (Angus, Armstrong,
and de Reuck, 1976, 1978; Keenan and others, 1969;
Boublik, 1970; Haar, Gallagher, and Kell, 1984; Hill,
1990; Anderko and Pitzer, 1993a, b) require many
more operations. Now, new efficient EOS (Lvov and
Wood, 1990; Harvey, 1991), which are based on
recent advances of statistical mechanics, are more
complex still. Thus, it is not a surprise that the
differentiation of such a function becomes quickly
impracticable.

A first answer to this type of problem has been
given by symbolic calculation software. These
programs are all based on an algorithm used widely
in computer science (Haugeland, 1985; Sedgewick,
1992). The principle of this algorithm is simple: a
complex task can always be decomposed into
elementary operations and decomposition is con-
veniently visualized by a hierarchical representation.
For instance, consider how a simple arithmetic
expression is split into smaller subexpressions
(Fig. 1A):

fixyz)=uxv+vjuxw, 4)

where f, u, v and w are a function of three variables,
x, y and z. This is how symbolic calculation programs
store an arithmetic expression in memory. This type
of representation is termed a parse tree (Sedgewick,
1992). Each box is termed a node and refers to an
arithmetic operation (an addition, a multiplication,
the logarithm of a quantity, etc.). The upper node is
the root and it contains the expression to be
decomposed. Bifurcation starts from the root and
continues so long as it is possible to decompose a
subexpression further. Terminal nodes are termed the
leaves and contain irreducible expressions. Now, for
calculating a first-order differentiate, symbolic calcu-
lation programs traverse the parse tree from the
leaves up to the root. At each node of the parse tree,
a simple first-order derivation rule is applied. The
result is the construction of a new parse tree.
Figure 1B shows the parse tree obtained for the
first-order partial derivative (Jf/0x),. denoted as f,
(derivatives are written using the convention, where
subscripts designate the differentiation variables).
The root of this new parse tree contains the desired
arithmetic expression of the first-order differentiate.
It is worth noting that the parse tree of a first-order
differentiated expression already grows considerably
in size. For calculating a derivative of order n,
symbolic calculation programs apply this algorithm n
times. Thus, there is no theoretical limit for the order
of differentiates that can be calculated. However,
memory requirements of this algorithm may be so
great that expressions of fourth- and higher-order
differentiates cannot be obtained (Deiters, pers.
comm., 1994).

This leads us to think about an alternative method
for calculating analytical values of differentiates. Our

method uses parse representations, too; but there are
large differences with respect to the method used by
symbolic calculation software. As shown above, these
programs manipulate only strings of characters,
which are arithmetic expressions of the derivatives.
These strings of characters then can be inserted in the
source code of the calculation programs. On the
contrary, our library does not try to obtain the
analytical expressions of the partial derivatives, it
calculates only analytically their numerical values.
Symbolic calculation software is able only to apply
first-order derivation rules to a given parsed
expression. In our library package, the source code
for calculating the first-, second-, third-, and
fourth-order derivatives has been written for a large
number of operators. Such a mode of operation has
several advantages. First, memory requirements of
our library are smaller. For each derivative, symbolic
calculation software produce a new parse tree, which
is progressively more complex each time that the
differentiation order is increased (Fig. 1B). With this
library, no parse tree for the partial differentiates is
constructed. Indeed, for calculating a differentiate of
order n, the library uses only the parse tree of the
arithmetic expression, that has been built by the user
(Fig. 1C). Of course, the order of differentiates that
can be obtained at this time is limited to the fourth
order, but, if necessary, this limit could be increased
to a higher order. It would require to write only the
source code of higher derivatives. Another shortcom-
ing of symbolic calculation programs is that they give
complex and lengthy analytical expressions for the
differentiated expressions. Many repetitions can be
observed in the source code produced by symbolic
calculation software. These expressions should be
simplified and factorized in order to produce an
efficient and rapid program, but, as pointed out by
specialists of symbolic calculation, the automatic
simplification of arithmetic expressions remains a
difficult problem of computer science. For now,
symbolic calculation software is not able to factorize
simple expressions effectively. In our library, this
problem is solved, as simplifications and factoriz-
ations have been achieved at the stage of writing the
source code.

Our library has been written in C+ + (Stroustrup,
1991), an object-oriented extension of the C language
(Kernighan and Ritchie, 1978). Because users of this
library will have to write some instructions in C+ +,
it is important to explain how this library is organized
and constructed.

ORGANIZATION OF THE LIBRARY

This library (Fig. 2) is composed of two modules
interacting with each other: the first module applies
to the calculation of analytical differentiates, the
second module calculates thermodynamic properties
of fluids. The first module contains only source code
for calculating the differentiates of a generic product,
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Figure 1. Comparison of differentiation algorithms between symbolic caiculation software and our
library. (A) Start point is same: arithmetic expression is decomposed into smaller elementary
subexpressions (boxes) which are easier to process. Irreducible subexpressions, called “leaves”, are
represented by circles. Arrows and numbers indicate direction and order of the decomposition (from the
root up to leaves). (B) Symbolic calculation software builds new parse tree for each differentiate. Here
is represented parse tree of differentiated function with respect to one variable. Parse tree is obtained by
applying simple first-order differentiation rules on parse tree of (A). Growth of parse tree starts from leaves
and ends at root. (C) Our library uses same parse tree as (A) for calculating any differentiate of n-order.
Differentiates are obtained by applying differentiation rules that have been programmed in library.
Notations ux, vx, wx, u2 are used, respectively, for u,, v, w, and »* functions.
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Phase equilibria calculations.
Application to geochemical
processes modelling

1

Calculation
of state
properties

Calculation

of analytical
derivatives

M T

User's instructions
for calculating the
Helmholtz free energy

Figure 2. Organization of library. Two main modules make
up core of library: (1) calculation of differentiates of simple
expressions, like product of two functions etc. and (2)
calculation of state properties of fluids as a function of
partial derivatives of Helmholtz free energy. Library
communicates by means of (1) user’s instructions for
constructing parse tree of any EOS, and with (2) other
specialized libraries of geochemical calculations.

a sum, a ratio etc. In the second module, all state
parameters of interest for the thermodynamics of
fluid have been expressed as a function of partial
differentiates of the Helmholtz free energy. The
source code is applicable to any EOS, expressed by
means of the Helmholtz free energy. The first step for
using this library is to write C+ + instructions for
constructing the parse tree of the specific Helmholtz
free energy function of interest. Then, the user must
compile the source file with a C+ + compiler and
link it with the library. After this step, the user can
call all the available subroutines of thermodynamic
calculations. This library and the user’s code can be
linked to other specialized libraries for geochemical
process modelling.

USE OF THE DIFFERENTIATION LIBRARY

A detailed example

The use of the differentiation module will be
illustrated with the simple function, given by
Equation (4). Using C+ +, one defines and
manipulates entities, termed objects, that combine
variables and functions. Thus, the first step is the
creation of an “object”. This is what is shown in
the following example. The keyword “‘struct”
indicates that a new object is being defined.
“AnExample” is the name of the new defined object.
Variables and functions are declared between the
brackets. Comments are introduced with the charac-
ters /7.
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//

struct AnExample : public Equation

//
{

// Declaration of the nodes of the parse tree

Sum2 f ;

Product uv ;
Product wvuw ;
Division vu ;

/7 £ = uv + vuw
//uv = u v
// vuw = vu * w
// vu = v/u

// Declaration of the leaves of the parse tree
/7 uix,y,z)
// vi{x,y,z)
/7 wi(x,y,2z)

Leaf u ;
Leaf v ;
Leaf w ;

// The differentiation variables
double x ;
double y ;
double z ;

// Declaration of the functions

AnExample () ;

void calculate_the_leaves () ;

void calculate_the_partial_differentiates ()
void check_derivatives () ;

Yo

The second step is to construct a C++
representation of the parse tree. The method used
here is similar to that used by symbolic calculation
softwares. This is performed in our example by the
function AnExample ().

AnExample :: AnExample () : Equation ()
/7
/7 Construction of the parse tree (Fig 1A)
/7
{
£ . tie (uv , vaw ) ; /4E = uv o+ vaw
f . set_scalars ( 1.0, 1.0, 0.0} ;
uv . tie (u, v ) : //wv = u v
vuw . tie (vu , w ) ; /Fovaw = ova W

vu . tie (v, u ) ; /fva = v o/
/7 There are three differentiation variables (x,y and z)

f . rnumber_of variables (3) ;
}

The tie () function connects the nodes. After the
parse graph has been defined entirely, the number of
differentiation variables must be specified by calling
the number_of_variables () function.

Finally, in the third step, the user writes the
function that calculates the partial differentiates of
irreducible expressions. This is carried out by the
calculate_the_leaves () function.

Variables for which derivatives are to be calculated
are given arbitrary identification numbers, starting
from zero. These numbers are used as index numbers
for referencing a specific derivative value. An
important remark is given here: the user must specify
differentiation variables of any derivative in a
decreasing order (for example, for referring to the w,,
derivative, and by using the following identification
numbers (x,0), (y,1) and (z,2), the user will have to
write w(2,1) and not w(1,2)).
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/7=
void AnExample :: calculate_the leaves ()
1/
17 Calculation of partial differentiates of irreductible
124 expressions
/1 Indexes of the differentiation variables are :
/7 0 : the x variable
/7 1 : the y variable
/7 2 : the z variable
/7
{
7 u{x,y,2) = 2.0 * x * x
7/ vIX,¥.2}) = X +y + 2
/1 wi(x,y,2) = x -y * 2z
u * XY X
v y+z;
W vy *z
u * X ;
u 0
v
v
v
W
W
w
w 0

// Other derivatives are equal to zero, by default.
}

Now, it remains to call the library functions that
calculate the partial differentiates. This is performed
by the following three instructions in the calcu-
late_the_partial_differentiates () func-
fion.

/7

void AnExample :: calculate_the_partial_differentiates ()
1/
// Calculation of the partial differentiates.

/F

int. order = 4 ; // the differentiation order
f . initialize_the graph () ;
calculate_the_leaves {) :

f . calculate ( order ) ;
)

The initialize the_graph () function re-
sets an internal flag that prevents repetitive
expressions from being recalculated.

Here is the subroutine for calculating and
displaying the f,, and f.,. partial differentiates:

7/

void rain ()
/f—————
{
AnExanple exanmple ;
exarple . calculate_the_partial differentiates ()} ;

prinuf ("$Lg %Lg" ., example . f (1,0) , example . £ (2,1,0) ) ;
b

Some useful functions

In this section, some useful functions available
within the differentiation library are addressed. First,
it may happen that some irreducible expressions do
not depend on some variables. For instance, in the
previous model, where the leaf referred to as u does
not depend on the y and z variables. Thus,
calculation of differentiates with respect to these
variables is redundant. For this reason, the user has
the option to specify to the library whether an
expression really is a function of a given variable
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or not. This is
instructions:

achieved with the following

u . specify variable_dependency ( 1 , FALSE ) ;

v . specify_variable dependency ( 2 , FALSE ) ;
// 1 and 2 are the indexes of the y and z variables
// in the array of differentiation variables

In this example, the user indicates that the
expression u is not dependent on the y variable. After
all specifications have been set, the user can request
an analysis of the dependencies of the nodes of the
parse tree by calling the analyze_dependencies
() function

£ . analyze_dependencies ()

Another important group of functions furnished by
this library concerns the detection of mistakes made
by the user. Possible errors are of two types. The first
type occurs when the user forgets to define one
connection between two nodes. The user should
therefore be careful when the parse graph contains
many nodes. Two utility functions are given for
detecting this type of error (the print () and
check_pointers () function).

£ . print ( file )

f . check_connections ( file )

The print () function writes on a file the list of
the nodes with their connections. Memory addresses
and the nature of the nodes are indicated. The
check_connections () function detects whether
a connection is lacking. The second type of error
involves differentiation mistakes of the leaves. This
library provides a method for detecting them. The
user can carry out a systematic checking of
differentiates of a given node by calling the check1
(), check2 (), check3 (), and checkd ()
functions, respectively, for checking first-, second-,
third, and fourth- order derivatives. Each of these
functions compares values of derivatives, calculated
with the library and by a finite-centered difference
method. Analytical and numerical values are then
reported on an ASCII file specified by the user. If the
number digits are not identical (except for the last
digit), there is an error in the derivatives of the
“leaves” expressions.

The list of operators and functions

The list of available operators and functions is
given in Table 2, and covers most of the situations
encountered in thermodynamic modelling. Note that
although exponentiation Powo and Power objects
look similar, they do not have the same behavior.
Power objects accept only positive values of (v + b)
expressions, whereas Powo objects accept positive



Library for calculating derivatives and thermodynamic properties of fluids

/7

void AnExample :: check_derivatives (}
//
{

FILE * report = fopen (

"Derivatives.note” , "w") ;

double var [3], dvar [3] ;

var [0] = 200.0 ; // the x variable
var [1] = 40.0 ; // the y variable
var [2] = 500.0 ; // the z variable
dvar [0] = 1.0e-6 ; // step parameters used
dvar [1] = 1.0e-6 ; // for calculating numerical
dvar (2] = 1.0e-6 ; // differentiates

f . checkl ( report , var , dvar ) ;

f . check2 ( report , var , dvar ) ;

£ . check3 { report , var , dvar )

f . check4 ( report , var , dvar )} ;

fclose (report) ;

}

and negative values. However, Power objects accept
any value for the exponent, and Powo objects accept
only exponents which can be expressed by a ratio of
two integers (c = n/m where ¢ is the exponent, n
denotes any integer, and m is an odd integer). For
constructing a parse tree for any arithmetic
expression, the knowledge of Table 2 and of two
important functions (tie () and set_scalars ()
functions) is sufficient. The tie () function connects
a parental node (denoted as P) to one or two
subexpressions (denoted as u and v).

Node P, u, v ;

P.tie { u) : // 1f£ P connects to only one node

P.tie (u, v} ; // or if P connects to two nodes

Arithmetic expressions always involve scalar
parameters. These are always specified by calling the
set_scalars () function.

Node P ;
double a, b, ¢, 4 ; // scalar parameters,

// by Table 2

as defined

P . set_scalars (a ) ;

// :f P is a Cube object, for instance

P . set_scalars ( a, b ) :

// if P is an Inverse object, for instance

P . set_scalars (a , b, c) ;
// if P is a Power object, for instance

P . set_scalars (a , b, c, d}) ;
// 1if P is an Exponential object, for instance

Other operators are more complex, and their use
must be defined explicitly. These are the Sum,
LineaX2, LineaX3, SumX2, SumX3, SumX4,
and SumX5 types of nodes. They are used mostly to
extend EOS to fluid mixtures. They involve multiple
summations through the components of the system.
The different steps required for using these objects are
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summarized in Appendix A for the Sum object, in
Appendix B for the LineaX and LineaX2 objects,
and in Appendix C for the SumX2, SumX3, SumX4
and Sumx5 objects.

USE OF THE MODULE FOR THERMODYNAMIC
CALCULATIONS

In representing and calculating the thermodynamic
properties of fluids, it is usual to split molecular
interactions within a fluid into several contributions;
for instance, the repulsive contribution, the dis-
persion, the dipole-dipole interaction, the dipole—
quadrupole contribution,and others. This has been
considered in the construction of our library. Two
basic objects have been implemented: the Inter-
action and FluidPhase objects. The Inter-
action object is used for modelling different types
of interactions, whereas the FluidPhase object
contains all basic variables and functions for
implementing an EOS. What the user must do for
implementing a new thermodynamic model, is to
construct new objects inherited from the Inter-
action and FluidPhase objects. A typical
inherited FluidPhase object uses one or more
different Interaction objects. It is worth noting
that the only significant amount of programming
work is the construction of parse trees. A large
number of variables and functions are predefined in
the Interaction and FluidPhase objects that
the user need not recreate. The most important of
these functions involve:

e the calculation of chemical potentials, fugacities,
and activities, and their first-order differentiates
with respect to the temperature, molar volume,
pressure, and mole fraction;

e the calculation of the molar volume, given the
temperature and the pressure;

o the calculation of liquid—-gas, liquid-liquid, and
liquid-liquid—gas equilibria (Asselineau, Bog-
danic, and Vidal, 1979), including the calculation
of various phase diagrams (isotherms, isobars,
and isopleths for binary and ternary systems);

e the calculation of the critical curve of binary
fluids.

APPLICATION TO THE ANDERKO AND PITZER
EQUATION OF STATE

As an illustration of the usefulness of this library,
the Anderko and Pitzer EOS (1993a, 1993b) has been
chosen. It applies to the H,0-NaCl-KCl system
above 300°C. This ternary system is representative of
fluids that are met in a wide variety of geological
environments. In particular, near-critical conditions
of this system are important for the understanding of
boiling seafloor geothermal systems and of many
hydrothermal deposits (Bischoff, Rosenbauer, and
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Table 2. List of available objects in library for user. a, b, c and d stand for scalars
involved in arithmetic expressions.  and v are used for “‘children” subexpressions

Object Arithmetic expresion
Cube a (u+b)
Exponential aexp (bu + c)4
Inverse al(u + b)

Inverse2 af(u + by
Logarithm alog (u+ b)

Power a(u + by

Powo a(u + b) with ¢ = n/m and m is an odd integer
Square af(u+ by

Sum] au+b

Sum2 au + bv + ¢

Sum Tau,

Division aufv

Product auy

LineaX2 ZXaxx,

LineaX3 ZEZauxX,

SumX2 Ty

SumX3 ZLEXX Xl

SumX4 ZXEZ XXX X Ui
SumX5 ZELTX XXX X it

Pitzer, 1986). Our library has been used for solving
two difficult problems:

e calculation of the critical locus curve of the
H,0-NaCl system,

e calculation of thermodynamic properties, requir-
ing differentiation of the Helmholz free energy
with respect to the temperature, such as the
enthalpy, and others.

Calculation of derivatives of the Helmholtz free energy

The Anderko and Pitzer EOS considers the
H,0-NaCl-KCl system above 573 K as a mixture of
H,O molecules and the ion pairs NaCl and KCl. The
Helmbholtz free energy of H,O-salts mixtures is split
into three contributions:

A = Arepulsion + Adipole + Adispersion ] (5)

where A 500 1S a result of the repulsion between
molecules and ion pairs, Ay, is representative of
dipole—dipole interactions, and A peion Stands for the
attractive dispersion forces. For programming this
EOS, three separate Interaction—type objects
have been defined for the intermolecular repulsion,
dipolar, and dispersion forces. The source code for
the repulsive part is given in Appendix D. Appendix
E gives the source code for the Anderko and Pitzer
EOS (1993). Some information about the construc-
tion of the parse trees of these three interactions is
summarized here.

The repulsion contribution. The arithmetic ex-
pressions for the evaluation of A, are given by
Anderko and Pitzer (1993a, b) following the theory of
hard spheres (Boublik, 1970; Mansoori and others,
1971):

IDE B E
O A F
RT — l—n (I—ny
E3
+(F—l>ln(1—-n), 6)

where # is the reduced density,

=2, ™

and b is the covolume of the mixture,
b= inbi s 3)

where x; is the mole fraction of the ith component and
b; is the covolume.

The b, covolumes and the o, hard sphere diameters
are related by:

b= %nNAa? , 9

where N, is the Avogadro number.
The parameters D, E, and F are given by:

D =Yxg, (10a)
E= Zx,.a,-l (10b)
F=Yxg0}. (10¢)

The procedure for calculating the differentiates of the
A pusion has been completely developed in Appendix
D. Figure 3 can be used as a guide for following the
construction of the parse representation.

The dipole contribution. The Helmholtz energy
difference between dipolar hard spheres and simple
hard spheres is expressed as (Stell, Rasaiah, and
Narang, 1972; Rushbrooke, Stell, and Haye, 1973;
Stell, Rasaiah, and Narang, 1974):

(11a)
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Fig. 3. Parse tree of Helmholz free energy for a mixture of

hard spheres, following theory of Boublik (Boublik, 1970;

Anderko and Pitzer, 1993a, 1993b). Leaves are surrounded

by circles, and root is surrounded by rectangular frame.

Function performed by each node is indicated by symbol

below name of each subexpression. Notations are those used
in declaration of Boublik object (see Appendix D).

where
A, = Knl(n) (11b)
Ay = K'L(n) (11c)

L(n) and I3(n) are empirical functions of the # density.
Auxiliary functions, termed K, and K, have been
introduced in order to simplify expressions:

K, = szli]'xixj s (12a)
i J
where
4 Wi ~
L - — ’ i ~2 02
ke 3( = )n Ew. ()
and
=2 ) YKy XXX (13a)
ik
where
10/ alolad \ ik 22 -
Ky = j(a—aé—k>nz E&ui . (13b)
ik "

n; and 5, are functions of the density and of the
composition of the mixture, g, is a function of the
dipole moment of the ith component, K, is a
quadratic function of the composition, and K is a
cubic function of the composition. For handling these
finite summations, LineaX2 and LineaX3 objects
of the library have been used.

The dispersion contribution.

A% 1 (a z 4 aeb?
RT ~ ~ RT

ach adb2 - 2 ) (14)

YIRS T3 %]
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where
b= xb (15)
a=YYxxa; (16)
1

=% 222 xixpac)uby %))

i j ok
ab ZZZZXxxkx,(ad),,ub.,u 18)

i j k1
€= b3 ZZZZZX XX (A€ i (19)

kI m

Calculation of differentiates of the a, ¢, d and ¢
summations requires, respectively, the use of Sumx2,
SumX3, SumX4, and SumX5 objects, as explained in
Appendix C.

Calculation of the critical curve

A binary mixture of components 1 and 2 is in a
critical state if the two following relations S, and S,
are equal to zero (Heilig, 1988):

SUTV,x0) = Ay, Avy — Ay, = 0 (20a)
SAT,V.X3) = AlpA, ey, — 3ApyAve,Avy,s,
+ 34w, A, — AvyA, Ar, = 0, (20b)

where 4 is the free Helmholtz energy of the mixture,
as given by the EOS. This set of non-linear equations
has been solved by the Newton method with the x,
mole fraction as a given parameter, and the
temperature 7 and the molar volume } as unknowns.

Once a solution has been obtained, it is still
necessary to check the stability of this critical point
by considering the following condition (Heilig, 1988;
Heilig and Franck, 1990):

szxzxzxz - 4qAVx2.tzx2 + 6q2AVV.\r2.\'2
—4q°4 vivs, T Ay 20, (2la)
with g = Ars 21b)

AVV

Thus, derivatives up to the fourth order with respect
to the temperature, the molar volume, and the
composition are required and are calculated with our
library. When a critical point has been determined, it
is possible to estimate the variation of critical
temperature and molar volume for a small change of
the composition. This possibility is interesting, as it
allows the estimation of suitable values of T and V
for the Newton algorithm of the next critical point on
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the critical curve. The solution of the following linear

SyStem 18 requlred.
( < ) 2
S8

a8\ (o8,
aT Vo, aV T.x,
<as ) (as ) <6V>
oT Vo, ov T, X2 5.5,
_ a 1
X2 Jry

= B B 7))

6_S_2
0x, TV

This result is obtained by writing the Taylor series of
S, and S, functions along the critical line, truncated
after the first term:

o (3S as,
asim0=(5) o7+ (%) @

as,
+ ( o )”dxz , (23a)

o (s s,
ds,=0= ( aT >h dT + ( a7 )mde

35,
+ ( o )”dxz . (23b)

>
¥

QB

9]

o)

It is worth noting that the left-hand matrix (Eq. 22)
is calculated for the solving the nonlinear system (Eq.
20) with the Newton algorithm. Thus, this method
permits a fast and stepwise calculation of the critical
line of a binary mixture. It is particularly valuable for
water—salts systems, where a small increment of the
X = Xnaer) mole fraction value results in a large
variation of critical P and T variables near the H,O
critical point. T — xy,c and P — T projections of the
critical curve of the H,O0-NaCl system calculated
with the Anderko and Pitzer EOS (1993a) are given
in Figure 4.

Calculation of the isobaric expansivity

The isobaric expansivity (or thermal expansion
coefficient) exemplifies an important thermodynamic
parameter, which is difficult to extract from the
Anderko and Pitzer EOS (1993a, 1993b), as its
calculation involves a temperature differentiation of
the Helmholtz free energy. This parameter is required
for calculating the Rayleigh~Darcy number, which is
a key parameter in modelling fluid circulations in the
crust (Johnson and Norton, 1991), in particular for
locating the transition between conductive and
convective regimes. The expansion coefficient is

defined as:
1oV
o = —?( 'a_j,)p . (25)
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(0V/0T ),can be obtained from the Helmholtz free
energy by noting that:

. () ()

= - —F. (26)
(), (&)
v ). v’ J,
ITlustration of the variation of the isobaric expansiv-

ity as a function of the temperature and the NaCl
mole fraction is given in Figure 5.

CONCLUSION

This library is used currently in our laboratory and
it can be applied to a large variety of theoretical and
applied geochemical problems, including, for
example:

e Phase topology studies of fluid mixtures, where
derivatives up to the seventh order are
sometimes required, whatever the complexity of
the EOS (Deiters and Pegg, 1989; Van Pelt and
de Loos, 1992; Thiéry and Lvov, 1996).

e Characterization of fluid inclusions where
critical and retrograde condensation conditions
can be determined accurately with models
developed for CO,~CH,-N, fluid inclusions
(Thiéry, Vidal, and Dubessy, 1994; Thiéry,
Kerkhof, and Dubessy, 1994; Thiéry and
Dubessy, 1996).

Advantages of this library are numerous. First, it
is reliable. Checking functions are supplied which
allow analytical and numerical values to be
compared. Detection of mistakes is easy, as each
node of the parse graph can be checked individually.
Secondly, it is a versatile tool. In research, it is often
necessary to test between several hypotheses. With
such a library, it is straightforward, for instance, to
modify the temperature law for one of the parameters
of the EOS, or to modify a mixing rule. Without this
library, an extensive reprogramming of the computer
code would be required in some situations. Next, this
library is able to take into account complex operators
such as simple finite summation (ZX), double
summation (XX), etc., up to the quintuple summation
(XZXXY). These operators are, indeed, widespread in
modelling fluid properties. Finally, this library is an
efficient and helpful tool for programming thermo-
dynamic models. Before, one week of painstaking
code development and testing was necessary to
differentiate the Helmholtz free energy function, such
as the one proposed for hard spheres mixtures
(Boublik, 1970), which can now be achieved in two
hours. Moreover, when combined with our library of
thermodynamic calculations, any complex thermo-
dynamic function is derived automatically. Another
point of interest is that programs that implement an
EOS based on this library will share the same routines
and interface. This is an important consideration for
implementing and updating calculation programs.
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Figure 5. Isobaric expansivity (K ') as function of temperature and NaCl mole fraction. Curves have

been calculated with Anderko and Pitzer (1993a) EOS for a pressure of 250 bars, that is above critical

pressure of H,O (P. = 217.6bar). Numbers indicate NaCl mole fraction of aqueous solution. Full squares

represent isobaric expansivity calculated for pure H,O fluid with Haar, Gallagher and Kell EOS (1984),
reported by Johnson and Norton (1991).

Note. The source code of the library and detailed
examples are available by anonymous FTP from the server
IAMG.ORG, or from the Web at http://www.iamg.org.
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APPENDIX A

For constructing the parse representation of a sum, such
as:
P=P +2P,—~ P+ 5P, +3,

the following procedure must be used:

//
// Use of the Sum object
//
// the declarations of nodes
Sum P ;

Leaf P1, P2, P3, P4 ;

// Instructions to insert at the
// beginning of the program

P . number_of_terms (4) ;

P . tie (& Pl, & P2, & P3 , & P4 ) ;
P . set_scalars ( 1.0, 2.0, -1.0, 5.0, 3.0 ) ;
APPENDIX B

For constructing the parse representations of expressions
such as:

K, =Y > xxky;, and
()

Ky =33 3 xoxxiko,

ik

where k,; and k., are scalars, the following instructions
must be written:

/7
// Use of the LineaX2 and Lineax3 objects
/7
// the declarations of variables
int N = 5 ; // the number of components
int ix = 2 ; // the index of the first composition
// variable
double ** k2, *** k3 ; // the array of scalars
LineaX2 K2 ;
LineaX3 K3 ;

// Instructicns to insert at the
// beginning of the program

K2 . dimension (N} ;
K3 . dimension (N) ;

K2 . starting_index (ix) ;
K3 . starting index (ix) ;
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k2 = sym2alloc (N} ;
k3 = sym3alloc (N)

R. Thiery

// sym2alloc and sym3alloc ()

// arrays of scalars

K2 . set_scalars (k2)
K3 . set_scalars (k3} :

// Instructions to be called before
// any calculalion of differentiates

K2 . set_xvariables { x )
K3 . set_xvariables ( x

// x is the array of mole fractions

Vo

APPENDIX C

/o

// Use of
/i

/1t
int N o=

int ix = 2

SumX2
Sumx3
Surex4
Sumx5

D anw

Product **
Product **
Product **
Product **

Sumx2

SumX3, SurX4 and SunmXS objects
he declarations of variables
the number of components

~he index of the first composition
// variaple

/

// the virial expansicns

* // These are the array of the nodes

w «
*ex o dijkl g
ax el

a . nurber_of_xvariables ( N ) ; // Instructions to insert at the
I number _of xvariables ( N ) ; // beginning of the program
d . number_of_xvariables ( N ) ;
e . number_of_xvariables ( N ) ;
b i
a B
=} ;
d :
e starting_index (ix)} ;
b . tie ( bi )
a . tie ( aij }
c tie ( ciijk )
d . tie ( dijkl
e tie { eijklm } ;

// Instructions to be called before

// any calculation of differentiates
a . set_xvariables ( x ) ; // % is the array of mole fractions
c . set_xvariables ( x )} ;
d . set_xvariables ( x ) ;
e set_xvariables ( x ) ;

APPENDIX D

#ifndef _30UBLIK_H
#define _BOUBLIXK_H
/7
/1

/! Header file : Boublik.h

/7 Contents ne description of the Boublik object
//
/7
#include "Interaction.h"
#include "Logarithm.h"
#include “"Tnverse.h"
#include "Inverse2.h”
#include “Product.h*
#include "Cube.h"
#include "Square.h"
#include *Division.h®
#include "sum.h”
#include “Leaf.h”
#include "util.h”
1/
class Boublik : public Interaction
I
/7
/7 The hard-sphere fluid with the Boublik-Mansoori
77 mixing rules
/1
/7
{
public

Leaf D ;

// dimensionless parameters

// functions allocates symmetrical

Leaf E
Leaf F

double
double
double

Leaf
Suml
Inverse
Square
Logarithm

:

* bi
* 51

Product
Inverse2
Cube
Division
Product
Product

Sum2
Suml

Leaf

Product
Product
Product

Boublik ()
id number_of_ components (int)

vo
Vo

Vo
vo
Vo
VO
}
#endif

#include

id set_hard_sphere_diameters

g

eta
me
ime
ime2
Ilme

mlogV

AQ
Al
A2

;

// covolumes

// hard sphere diameters

// = 1.0 - eta
// = 1.0 / me
//=1.0/7 ((me * me )
// = log ( me )
// =D*E
//=1.0/ (F*F)
/f =E*E*E
// =DE / F
// = E3 * f2
// = DEF * eta
// 3.0 * DEFe - E3F2
// E3F2 - 1
// = - log (V)
// = a0 * ime
// = E3F2 * ime2
// = a2 * lme

( double , ... ) ;

1d calculate_fixed parameters ()
id calculate_volume_dependent_parameters () ;
id calculate_high_order_parameters () ;

id check_derivatives

:

"Boubliik.h"
#include <stdarg.hs

0

i

#define iT 0
#define iV 1
#define ix 2
#define i1 2
#define 12 3
It
Boublik :: Boublik Interaction ()
/7~
{
/7
// Construction of the parse tree
/1
/7 A = A0 + Al + A2
A = new Sum ;
({Sum*) A} -> number_of terms (4) ;
((Sum*) A) -> tie ( &mlogV , & AG , & AL , & A2 H
{(sum*) A) -» set_scalars ( 1.0 1.0 . 1.0, 0.0
A0 . tie (a0 , ime } ; 77 AC = a0 * ime
Al . tie ( E3F2 , ime2 ) /1 Al = E3F2 * ime2
A2 . tie (a2, lme ) 7 A2 ¢ a2 * lme
12 a0 = 3.0 * DEFe - E3F2 + 0.0
a0 . tie { DEFe , E3F2 )
al . set_scalars ( 3.0 , J. H
/7 a2z = E3F2 - 1.0
a2 . tie ( E3F2 ) ;
a2 . set_scalars ( 1.0 ,
DEFe . tie { DEF . eta } ; /7 DEFe = DEF * eta
E3F2 . tie ( E3 , f2 ) ; /7 E3F2 = E3 * f2
DEF . tie ( DE ., F ) ; /7 DEF = DE / F
E3 . tie ( E ) /7 E3 = cube (E)
f2 . tie ( F ) ; /7 t2=1/ (F*F) ;
DE .ctie{ D, E) I DE=D*E
/1 me = ~ eta + 1.0
me . tie (eta ) ;
me . set_scalars {( - 1.0 , 1.0}
ime . tie {(me )} ; 7 ime = 1.0 / me
ime2 . tie { ime } ; 1" ime2 = 1.0 / { me * me )
Ime . tie {me ) ; /7 lme = log ( me )
71
/1 Used for checking functions checkl{)
/7 check2 (), check3() and checkd ()
i continued
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((Sum*) A)
}

-»> set_relations_with { this ) ;

voig Boublik :: nurber_of_components ( int ncomp }

(

Tnteraction :: numwer_ of_comporents (ncomp)
allocate (N) ;

allocate N} ;

bi =
A -> numper_of_variables ( 2+N |

‘7 -

/7 Gives useful indications of thne dependency

1% For the leaves

mlogy . specify_variable deperdency ( iT . 0 ) ;

eta . specify_variable dependency ( iT , 0 1 ;

D . specify variable_dependency ( iT , 0 ) ;

E . spec _variable_deperdency { iT , 0} ;

I . specify variab_e_dependency { iT , 01 ;
specify_variable_dependency ( iV , 0 ) ;
specify_variable_dependency ( iV , 0 } ;
specify_variable_dependency ( iV , 0 ) ;

r (int i =0 ; 1 <N ; 1 ++ )

mlogV specify_variable_dependercy ( ix+i , C ) ;

-> analyze_dependencies { } ;

inl
do

b

fo

~mmg

//

//
{

in

V2 VoW

V3 V2 RV

V4 o= V3 ox Vo

VS -V Vo

mlog¥ (1V,iV,iV} = - 2.0 / V3 ;
mlogy {1V, 1V, iv,iv) = @

for v i - 3 : iow NG oio+

cigi =

cta (1x- - bi [1] / (2.0 *v3 ) ;
eta (ix+i,1 7AWy = - 30 % b1 [dl v 2.0 * V4 ) g
APPENDIX E

#ifndef _ANDERKOQO_H
#define _ANDERKO H

#include "FluidPhase.h”
#include “Interaction.h*
#include "NewtonRaphson.h®
#include "Newtor.h"
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/ //

class Anderko
S———
/! Modelling of the H20-NaCl-KCl system

/)

public Fluidphase

{
ublic
// Different types of interactions

Interaction * repulsion H

Interaction * dipole ;
Interaction * dispersion H

// between dipoles
// dispersion forces

// Parameters of the Anderko & Pitzer's ECS

voild Boublik :: calculate_fixed parameters ()
Calculates parameters which are volume-independent.
=R * T ;
£ 1
uble sigi, Dval, Eval, Fval
= Dval = Eval = rval = C.0 ;
r (1=0;1<N; i++)
{
b +=x [1}] * b1 [1] :
sigl = sig [1] ;
Dval += x [i} * sigi ;
Zval += x [i] * sigi * sigl ;
Fval += x [1] * sigi * sigl * sigi ;
() = Dval
{) = Eval
{}) = Fval ;
void Boublik calculate_volume_dependent parameters ()
£ i

double sigi ;
double V2, V3, V4 ;

// between hard spheres

// 1 : H20
// 2 : NaCl
// 3 1 KCl
double bl H // Covolumes
double b2 ;
double b3 :
double rul ; // Dipole moments
double mu2 ;
double mu3
Anderko (int) ;
Vo
#endif
#include “Anderko.h*
#include "Boublik.h"
#include "Dipole.h”
#include "H20NaClDisp.h"
/= e——
Anderko Anderko (int nphase) FluidPhase (3,nphase)
/7 ~
{
interaction (0] = repulsion = new Boublik ;
interaction [1] = dipole = new Dipole ;
interaction [2] = dispersion = new H20NaClDisp

}
i

V2 =V *V ;
V3 =V2 *V
V4 = V3 *V
miogV () = - log ( V} ;
mlogV (iv) = - 1 / V ;
mlogV (iv,iv) = 1.0 / V2 ;
for (i =0; 1 <«<N; i++)
{
sigi = sig (1] ;
eta (ix+1) = bi [i] / (4.0 *V )
eta (ix+i,1iV}) = - bi [i) / ( 4.0 » v2 ) ;
eta (ix+i,1iV,iv) = bi [i] / (2.0 * v3 ) ;
eta (ix+1,iv,iv,iV) = - 2.0 * bi (i) / ( 2.0 * v4 ) ;
D (ix+i) = sigi /7 Derivatives wrt to composition
E (ix+1l) = sigi * sigi ;
F (ix+1) = sigi * sigl * sigi ;
17 derivatives of higher order are zero
)
eta () = b/ (4.0*V )
eta (iV) =-b/ (4.0*vV2)
eta (iV,1iV) - b/ (2.0*Vv3)
)
i f
void Boubiik :: calculate_high_order_parameters (}
s - —
{
int 1 ;

double sigi :
double vz, V3,

v4, V5



